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Chapter-1 

Time Varying Fields 

4.1 Introduction 

ln the previous chapters we have studied the basic concepts in an 

electrostatic and magnetostatic fields. These fields can be considered as time 

invariant or static fields. In static electromagnetic fields, electric and magnetic 

fields are independent of each other. In this chapter, we shall concentrate on the 

time varying or dynamic fields. In dynamic electromagnetic fields, the electric 

and magnetic fields are interdependent. In general, static electric fields are 

produced by stationary electric charges. The static magnetic fields are produced 

due to the motion of the electric charges with uniform velocity or the magnetic 

charges. The time varying fields are produced due to the time varying currents.

  

4.2 Faraday’s Law 

 According to Faraday’s experiment, a static magnetic field cannot produce 

any current flow. But with a time varying field, an electromotive force (e.m.f.) 

induces which may drive a current in a closed path or circuit. This e.m.f. is 

nothing but a voltage that induces from changing magnetic fields or motion of the 

conductors in a magnetic field. Faraday discovered that the induced e.m.f is equal 

to the time rate of change of magnetic flux linking with the closed circuit. 

 Faraday's law can be stated as, 

𝑒 = −𝑁
𝑑𝜑

𝑑𝑡
 volts…………… (1) 

where N = Number of turns in the circuit 

  e = Induced e.m.f. 

Let us assume single turn circuit i.e. N = 1, then Faraday's law can be stated 

as, 

𝑒 = −
𝑑𝜑

𝑑𝑡
 volts…………… (2) 

The minus sign in equations (1) and (2) indicates that the direction of the 

induced e.m.f. is such that to produce a current which will produce a magnetic 

field which will oppose the original field. Thus according to Lenz’s law, the 

induced e.m.f. acts to produce an opposing flux. 

Let us consider Faraday’s law. The induced e.m.f. is a scalar quantity 

measured in volts. Thus the induced e.m.f. is given by, 

𝑒 = ∮ �⃗� . 𝑑�⃗� 
𝐿

……….. (3) 

The induced e.m.f. in equation (3) indicates a voltage about a closed path 

such that if any part of the path is changed, the e.m.f. will also change. 

The magnetic flux passing through a specified area is given by, 



𝜑 = ∫�⃗� 
𝑆

. 𝑑𝑆  

where 𝐵 ⃗⃗  ⃗ = Magnetic flux density 

Using above result, equation (2) can be rewritten as, 

𝑒 = −
𝑑

𝑑𝑡
∫ �⃗� 
𝑆

. 𝑑𝑆  volts……. (4) 

From equations (3) and (4), we get, 

𝑒 = ∮ �⃗� . 𝑑�⃗� 
𝐿

= −
𝑑

𝑑𝑡
∫ �⃗� 
𝑆

. 𝑑𝑆 ……….. (5) 

There are two conditions for the induced e.m.f. as explained below. 

i) The closed circuit in which e.m.f. is induced is stationary and the magnetic flux 

is sinusoidally varying with time. From equation (5) it is clear that the magnetic 

flux density is the only quantity varying with time. We can use partial derivative 

to define relationship as �⃗�  may be changing with the co-ordinates as well as time. 

Hence we can write, 

∮ �⃗� . 𝑑�⃗� 
𝐿

= −∫
𝜕�⃗� 

𝜕𝑡𝑆
. 𝑑𝑆 ……….. (6) 

This is similar to transformer action and e.m.f. is called transformer e.m.f. 

Using Stoke’s theorem, a line integral can be converted to the surface integral as 

∮ �⃗� . 𝑑�⃗� 
𝐿

= ∫ (∇ × �⃗� )
𝑆

. 𝑑𝑆 = −∫
𝜕�⃗� 

𝜕𝑡𝑆
. 𝑑𝑆 ……….. (7) 

Assuming that both the surface integrals taken over identical surfaces. 

∴     ∇ × �⃗� = −
𝜕�⃗� 

𝜕𝑡
………….. (8) 

 Equation (8) represents one of the Maxwell’s equations. If �⃗�  is not varying 

with time, then equations (6) and (8) give the results obtained previously in the 

electrostatics. 

∮ �⃗� . 𝑑�⃗� 
𝐿

= 0 and ∇ × �⃗� = 0 

ii) Secondly magnetic field is stationary, constant not varying with time while the 

closed circuit is revolved to get the relative motion between them. This action is 

similar to generator action, hence the induced e.m.f. is called motional or 

generator e.m.f. 

 Consider that a charge Q is moved in a magnetic field �⃗�  at a velocity 𝑣 . 
Then the force on a charge is given by, 

𝐹  =  𝑄 (𝑣 ⃗⃗⃗  𝑥 �⃗� ) ………. (9) 

 But the motional electric field intensity is defined as the force per unit 

charge. It is given by, 

�⃗� 𝑚 =
𝐹 

𝑄
= 𝑣  𝑥 �⃗�  ………. (10) 

 Thus the induced e.m.f. is given by, 

∮ �⃗� 𝑚. 𝑑�⃗� 
𝐿

= ∮ (𝑣  𝑥 �⃗� ). 𝑑�⃗� 
𝐿

……….. (11) 



 Equation (11) represents total e.m.f. induced when a conductor is moved 

in a constant magnetic field.  

iii) If in case, the magnetic flux density is also varying with time, then the induced 

e.m.f. is the combination of transformer e.m.f. and generator e.m.f. given by, 

∮ �⃗� 𝑚. 𝑑�⃗� 
𝐿

= −∫
𝜕�⃗� 

𝜕𝑡𝑆
. 𝑑𝑆 + ∮ (𝑣  𝑥 �⃗� ). 𝑑�⃗� 

𝐿
……….. (12) 

 

 
4.3 Displacement Current 

 Consider Maxwell’s curl equation for magnetic fields (Ampere’s Circuit 

Law) for time-varying conditions. 

 For static EM fields, we recall that 

     ∇ × �⃗⃗� = 𝐽 ……… (1) 

 But the divergence of the curl of any vector field is identically zero. Hence, 

    ∇. (∇ × �⃗⃗� ) = 0 = ∇. 𝐽………. (2) 

  But the continuity of current equation requires that  



    ∇. 𝐽 = −
𝜕𝜌𝑣

𝜕𝑡
≠ 0……… (3) 

 From equation (3) it is clear that when ∇. 𝐽 = 0, then only equation (2) 

becomes true. Thus equations (2) and (3) are not compatible for time varying 

fields. We must modify equation (1) by adding one unknown term say 𝐽 𝑑.Then 

equation (1) becomes, 

    ∇ × �⃗⃗� = 𝐽 + 𝐽 𝑑……… (4) 

 Again taking divergence on both the sides 

∇. (∇ × �⃗⃗� ) = ∇. 𝐽 + ∇. 𝐽 𝑑 = 0 

As ∇. 𝐽 = −
𝜕𝜌𝑣

𝜕𝑡
, to get correct conditions we must write, 

∇. 𝐽 𝑑 =
𝜕𝜌𝑣

𝜕𝑡
 

 But according to Gauss’s law, 

𝜌𝑣 = ∇. �⃗⃗�  

Thus  replacing 𝜌𝑣 by  ∇. �⃗⃗�  

∇. 𝐽 𝑑 =
𝜕

𝜕𝑡
(∇. �⃗⃗� ) 

= ∇.
𝜕�⃗⃗� 

𝜕𝑡
 

 Comparing two sides of the equation, 

𝐽 𝑑 =
𝜕�⃗⃗� 

𝜕𝑡
 ……….. (5) 

 Now we can write Ampere’s circuital law in point form as, 

∇ × �⃗⃗� = 𝐽 𝑐 +
𝜕�⃗⃗� 

𝜕𝑡
……… (6) 

 The first term in equation (6) is conduction current density denoted by 𝐽 𝑐. 

Here attaching subscript C indicates that the current is due to the moving charges. 

The second term in equation (6) represents current density expressed in ampere 

per square meter. As this quantity is obtained from time varying electric flux 

density. This is also called displacement density. Thus this is called displacement 

current density denoted by 𝐽 𝑑. With these definitions we can write equation (6) 

as, 

∇ × �⃗⃗� = 𝐽 𝑐 + 𝐽 𝑑……… (7) 

4.4 Maxwell's Equations for Time Varying Fields 

 Maxwell's equations are nothing but a set of four expressions derived from 

Ampere’s circuit law, Faraday's law, Gauss's law for electric field and Gauss’s 

law for magnetic field. 

These four expressions can be written in following forms 

i) Point or differential form, ii) Integral form 



Let us summarize the Maxwell’s equations for time-varying electric and 

magnetic fields. 

 

Maxwell’s equations in differential or point form 

1. ∇. �⃗⃗� = 𝜌𝑣                         Gauss’s law 

2. ∇ × �⃗� = −
𝜕�⃗� 

𝜕𝑡
                  Conservation of electric field 

                                         (Faraday’s Law) 

3. ∇ × �⃗⃗� = 𝐽 𝑐 +
𝜕�⃗⃗� 

𝜕𝑡
              Ampere’s circuital law 

4. ∇. �⃗� = 0                           Single magnetic pole cannot exist i.e. 

                                                        conservation of magnetic flux. 

Table 3.1 

The Maxwell's equations in integral form an be summarized as, 

Maxwell’s equations in integral form 

1. ∮ �⃗⃗� . 𝑑𝑆 
𝑠

= ∫ 𝜌𝑣𝑣
𝑑𝑣 = 𝑄 

2. ∮ �⃗� . 𝑑�⃗� 
𝐿

= −∫
𝜕�⃗� 

𝜕𝑡𝑆
. 𝑑𝑆  

3. ∮ �⃗⃗� . 𝑑�⃗� =
𝐿

∫ 𝐽 . 𝑑𝑆 + ∫
𝜕�⃗⃗� 

𝜕𝑡𝑆
. 𝑑𝑆 

𝑆
 

4. ∮ �⃗� . 𝑑𝑆 
𝑆

= 0 

Table 3.2 

 
 

 

 



4.5 Time Harmonic Fields 

 A time-harmonic field is one that varies periodically or sinusoidally with 

time. Sinusoids are easily expressed in phasors, which are more convenient to 

work with. 

 A phasor is a complex number that contains the amplitude and the phase 

of a sinusoidal oscillation. In general, any complex number z can be written as, 

𝑧 = 𝑎 + 𝑗𝑏 = 𝑟∠𝜃0 ....... (1) 

or 𝑚 =  𝑟𝑒𝑗𝜃  = 𝑟(𝑐𝑜𝑠𝜃 + 𝑗 𝑠𝑖𝑛𝜃) ……. (2) 

In equation (1) and (2), a and b are the real and imaginary parts of complex 

number m. The symbol j represents complex operator. Its value is √−1. The 

magnitude of m is given by, 

𝑟 =  |𝑚| = √𝑎2 + 𝑏2 ………. (3) 

The phase angle is given by, 

𝜃 = tan−1 𝑏

𝑎
 ……… (4) 

 From above discussion, it is clear that any phasor can be represented in 

rectangular as well as polar form represented by equations (1) to (4). Note that 

the phasor representation is applicable only to the sinusoidal signals. Any 

sinusoidal signal can be defined with the help of three parameters namely 

amplitude, frequency and phase. Let the applied electric field is given by, 

𝐸 =  𝐸𝑚 𝑐𝑜𝑠 (𝜔𝑡 +  𝜙) 

 where 𝐸𝑚 = Amplitude, 𝜔𝑡 = Angular frequency and 𝜙 = Phase angle 

 According to Euler's identity, 𝑒𝑗𝜃 = 𝑐𝑜𝑠𝜃 + 𝑗 𝑠𝑖𝑛𝜃 

 Thus the real and imaginary parts of 𝐸𝑚𝑒𝑗𝜃 (where 𝜃 = 𝜔𝑡 + 𝜙) are given 

by, 

Re(𝐸𝑚𝑒𝑗𝜃) =𝐸𝑚 𝑐𝑜𝑠 (𝜔𝑡 +  𝜙) …..  (5) 

and Im (𝐸𝑚𝑒𝑗𝜃) = 𝐸𝑚 𝑠𝑖𝑛 (𝜔𝑡 +  𝜙) ……..(6) 

 Hence we can write,  

𝐸 = Re(𝐸𝑚𝑒𝑗𝜃) = Re(𝐸𝑚𝑒𝑗𝜔𝑡𝑒𝑗𝜙)  …….. (7) 

 The complex term 𝐸𝑚𝑒𝑗𝜙 is called phasor. Generally, it is represented by 

attaching suffix s to the quantity of concern, such as 𝐸𝑠. 

 A phasor may be either scalar or vector. Let the vector �⃗⃗�  is time varying 

field which varies with respect of x, y, z and t. Then the phasor form of  �⃗⃗�  is 

obtained by dropping the time factor. Let it be �⃗⃗� 𝑠 which depends only on x, y 

and z. Then the two quantities are related to each other by the relation, 

�⃗⃗�  =  𝑅𝑒(�⃗⃗� 𝑠 𝑒
𝑗𝜔𝑡)  ………. (8) 

 Differentiating �⃗⃗�  with respect to t partially, 

 



𝜕�⃗⃗� 

𝜕𝑡
=

𝜕

𝜕𝑡
𝑅𝑒(�⃗⃗� 𝑠 𝑒

𝑗𝜔𝑡) 

𝜕�⃗⃗� 

𝜕𝑡
= 𝑅𝑒(𝑗𝜔�⃗⃗� 𝑠 𝑒

𝑗𝜔𝑡)…………. (9) 

 Similarly, we can write, 

∫ �⃗⃗� 𝜕𝑡 = ∫𝑅𝑒(�⃗⃗� 𝑠 𝑒
𝑗𝜔𝑡) 𝜕𝑡 

∫ �⃗⃗� 𝜕𝑡 = 𝑅𝑒 (
�⃗⃗� 𝑠

𝑗𝜔
 𝑒𝑗𝜔𝑡)………… (10) 

Key Point: From equations (9) and (10) it is clear that, differentiating and 

integrating the quantity with respect to time is equivalent in multiplying and 

dividing the phasor of that quantity by factor 𝑗𝜔 respectively. 

 

 



 

 



 

 



 

 
 

 



 

 



Electromagnetic (EM) Wave Propagation 
 

4.6 Introduction 

 In general, waves are means of transporting energy or information. Typical 

examples of EM waves include radio waves, TV signals, radar beams and light 

rays. Our major goal is to solve Maxwell’s equations and describe EM wave 

motion in the following media: 

1. Free space (𝜎 = 0, 휀 = 휀0, 𝜇 = 𝜇0) 

2. Lossless dielectrics (𝜎 = 0, 휀 = 휀𝑟휀0, 𝜇 = 𝜇𝑟𝜇0, 𝑜𝑟 𝜎 ≪ 𝜔휀) 

3. Lossy dielectrics (𝜎 ≠ 0, 휀 = 휀𝑟휀0, 𝜇 = 𝜇𝑟𝜇0) 

4. Good Conductors (𝜎 ≈ 0, 휀 = 휀0, 𝜇 = 𝜇𝑟𝜇0, 𝑜𝑟 𝜎 ≫ 𝜔휀) 

 Where 𝜔 is the angular frequency of the wave. Lossy dielectrics, is the 

most general case and wave equation is derived for this case and other cases are 

derived from it as special cases by changing the values of 𝜎, 휀 𝑎𝑛𝑑 𝜇. 
 

4.6.1 Wave Propagation in Lossy Dielectrics 

 A lossy dielectric is a medium in which an EM wave, as it propagates, 

loses power owing to imperfect dielectric with 𝜎 ≠ 0. 

 Consider a linear, isotropic, homogeneous, lossy dielectric medium that is 

charge free (𝜌𝑣 = 0). Assuming and suppressing the time factor 𝑒𝑗𝜔𝑡, Maxwell’s 

become 

∇. �⃗� 𝑠 = 0……………...……… (1) 

∇. �⃗⃗� 𝑠 = 0 …………………….. (2) 

∇ × �⃗� 𝑠 = −𝑗𝜔𝜇�⃗⃗� 𝑠…………… (3) 

∇ × �⃗⃗� 𝑠 = (𝜎 + 𝑗𝜔휀)�⃗� 𝑠……… (4) 

 Taking the curl of both sides of equation (3) gives 

∇ × ∇ × �⃗� 𝑠 = −𝑗𝜔𝜇(∇ × �⃗⃗� 𝑠) ……. (5) 

 Applying the vector identity 

∇ × (∇ × 𝐴 ) = ∇(∇. 𝐴 ) − ∇2𝐴  …………. (6) 

 To the left-hand side of equation (5) and invoking equations (1) and (4), 

we obtain 

∇(∇. �⃗� 𝑠) − ∇2�⃗� 𝑠 = − 𝑗𝜔𝜇(𝜎 + 𝑗𝜔휀)�⃗� 𝑠 

Or      ∇2�⃗� 𝑠 − 𝛾2�⃗� 𝑠 = 0 …….. (7) 

Where     𝛾2 =  𝑗𝜔𝜇(𝜎 + 𝑗𝜔휀) ………. (8) 

 And 𝛾 is called the propagation constant of the medium. By a similar 

procedure, it can be shown that for the �⃗⃗�   field, 

∇2�⃗⃗� 𝑠 − 𝛾2�⃗⃗� 𝑠 = 0 ………. (9) 

 Equations (7) and (9) are known as homogeneous vector Helmholtz’s 

equations or simply wave equations. 



 Since 𝛾 in equations (7) to (9) is a complex quantity, we may let 

𝛾 = 𝛼 + 𝑗𝛽 …… (10) 

 We obtain 𝛼 𝑎𝑛𝑑 𝛽 from equations (8) and (10) by noting that  

−𝑅𝑒 𝛾2 = 𝛽2 − 𝛼2 = 𝜔2𝜇휀 …….. (11) 

And                         |𝛾2| = 𝛽2 + 𝛼2 = 𝜔𝜇√𝜎2 + 𝜔2휀2…….. (12) 

 From equations (11) and (12), we obtain 

𝛼 = 𝜔√
𝜇

2
[√1 + [

𝜎

𝜔
]
2
− 1]……. (13) 

𝛽 = 𝜔√
𝜇

2
[√1 + [

𝜎

𝜔
]
2
+ 1]……. (14) 

 Without loss of generality, if we assume that the wave propagates along 

+𝑎 𝑧 and that �⃗� 𝑠 has only an x-component, then  

�⃗� 𝑠 = 𝐸𝑥𝑠(𝑧)𝑎 𝑥 ……… (15) 

 Substituting this into equation (7) yields 

(∇2 − 𝛾2)𝐸𝑥𝑠(𝑧) = 0 ……… (16) 

 Hence  
𝜕2𝐸𝑥𝑠(𝑧)

𝜕𝑥2
+

𝜕2𝐸𝑥𝑠(𝑧)

𝜕𝑦2
+

𝜕2𝐸𝑥𝑠(𝑧)

𝜕𝑧2
− 𝛾2𝐸𝑥𝑠(𝑧) = 0 

 Or                        [
𝑑2

𝑑𝑧2
− 𝛾2] 𝐸𝑥𝑠(𝑧) = 0………. (17) 

 This is a scalar wave equation, a linear homogeneous differential equation, 

with solution   

𝐸𝑥𝑠(𝑧) = 𝐸0𝑒
−𝛾𝑧 + 𝐸0

′𝑒𝛾𝑧………. (18) 

 Where 𝐸0 𝑎𝑛𝑑 𝐸0
′ are constants. Since 𝑒𝛾𝑧 denotes a wave travelling along 

−𝑎 𝑧 whereas we assume wave propagation along 𝑎 𝑧 , 𝐸0
′ = 0. Inserting the time 

factor 𝑒𝑗𝜔𝑡 into equation (18) and using equation (10), we obtain 

�⃗� (𝑧, 𝑡) = 𝐸0𝑒
−𝛼𝑧cos (𝜔𝑡 − 𝛽𝑧)𝑎 𝑥…….. (19) 

 By following the similar steps, we obtain 

�⃗⃗� (𝑧, 𝑡) = 𝑅𝑒(𝐻0𝑒
−𝛼𝑧e 𝑗(𝜔𝑡−𝛽𝑧) 𝑎 𝑦)….. (20) 

 Where    𝐻0 =
𝐸0

𝜂
 …………………..(21) 

 And 𝜂  is a complex quantity known as the intrinsic impedance, in ohms, 

of the medium.  

      𝜂 = √
𝑗𝜔𝜇

𝜎+𝑗𝜔
= |𝜂|∠𝜃𝜂 = |𝜂|𝑒𝑗𝜃𝜂……… (22) 

 With  |𝜂| =
√𝜇⁄

[1+(
𝜎

𝜔
)
2
]

1
4⁄
 ,   tan 2 𝜃𝜂 =

𝜎

𝜔
 ………. (23) 



 Where 0 ≤ 𝜃𝜂 ≤ 450. Substituting equation (21) and (22) into equation 

(20) gives  

�⃗⃗� = 𝑅𝑒 [
𝐸0

|𝜂|𝑒𝑗𝜃𝜂
𝑒−𝛼𝑧𝑒𝑗(𝜔𝑡−𝛽𝑧)𝑎 𝑦] 

Or        �⃗⃗� =
𝐸0

|𝜂|
𝑒−𝛼𝑧𝑐𝑜𝑠(𝜔𝑡 − 𝛽𝑧 − 𝜃𝜂)𝑎 𝑦…… (24) 

 From equation (19) and (24), it is observed that the wave propagates along 

𝑎 𝑧 , it decreases or attenuates in amplitude by a factor 𝑒−𝛼𝑧, and hence 𝛼 is known 

as the attenuation constant or attenuation coefficient of the medium. It is 

measured in nepers per meter (Np/m) and can be expressed in decibels per meter 

(dB/m). An attenuation of 1 neper  denotes a reduction to 𝑒−1 of the original 

value, whereas an increase of 1 neper indicates an increase by a factor of 𝑒. Hence  

1 𝑁𝑝 = 20 log10 𝑒 = 8.686 𝑑𝐵….. (25) 

 From equation (13), we notice that if 𝜎 = 0, as is the case for a lossless 

medium and free space, 𝛼 = 0 and the wave is not attenuated as it propagates. 

The quantity 𝛽 is a measure of the phase shift per unit length in radians per meter 

and is called the phase constant or wave number. In terms of 𝛽, the wave 

velocity u and wavelength  𝜆 are, given by 

𝑢 =
𝜔

𝛽
, 𝜆 =

2𝜋

𝛽
  ……… (26) 

 From equation (19) and (24), we notice that �⃗�  𝑎𝑛𝑑 �⃗⃗�  are out of phase by 

𝜃𝜂 at any instant of time due to complex intrinsic impedance of the medium. Thus 

at any time, �⃗�  𝑙𝑒𝑎𝑑𝑠 �⃗⃗�  (or�⃗⃗�  𝑙𝑎𝑔𝑠 �⃗� ) by𝜃𝜂. 

 We notice that the ratio of the magnitude of the conduction current density 

𝐽 𝑐 to that of the displacement current density 𝐽 𝑑 in a lossy medium is  

|𝐽 𝑐𝑠|

| 𝐽 𝑑𝑠|
=

|𝜎�⃗� 𝑠|

|𝑗𝜔휀�⃗� 𝑠|
=

𝜎

𝜔휀
= tan𝜃 

Alternatively                     tan 𝜃 =
𝜎

𝜔
 ……………… (27) 

 Where tan 𝜃 is known as the loss tangent and 𝜃 is the loss angle of the 

medium. tan 𝜃 or 𝜃 may be used to determine how lossy a medium is. A medium 

is said to be a good dielectric if tan 𝜃 is very small (𝜎 ≪ 𝜔휀) or a good conductor 

if tan 𝜃 is very large(𝜎 ≫ 𝜔휀). From this we can say, a medium is regarded as a 

good conductor at low frequencies and may be a good dielectric at high 

frequencies. Note from equation (23) and (27) that  

𝜃 = 2𝜃𝜂 ….. (28) 

Examples: 

 

 



 

 



 

 

 
 

 



4.6.2 Plane Waves in Lossless Dielectrics 

 In a lossless dielectric 𝜎 ≪ 𝜔휀. It is a special case of lossy dielectric 

medium except that  

𝜎 ≈ 0, 휀 = 휀0휀𝑟 , 𝜇 = 𝜇0𝜇𝑟…….. (29) 

 Substituting these into equations (13) and (14) gives  

𝛼 = 0, 𝛽 = 𝜔√𝜇휀 ….. (30) 

𝑢 =
𝜔

𝛽
=

1

√𝜇
, 𝜆 =

2𝜋

𝛽
…….. (31) 

Also      𝜂 = √
𝜇
∠00 ……… (32) 

And thus �⃗�  𝑎𝑛𝑑 �⃗⃗�  are in time phase with each other. 

4.6.3 Plane Waves in Free Space 

 Plane waves in free space comprise a special case of lossless dielectric 

medium except that 

𝜎 = 0, 휀 = 휀0, 𝜇 = 𝜇0…….. (33) 

 Substituting these into equations (13) and (14), we obtain  

𝛼 = 0, 𝛽 = 𝜔√𝜇0휀0 =
𝜔

𝑐
 ….. (34) 

𝑢 =
𝜔

𝛽
=

1

√𝜇0 0
= 𝑐,      𝜆 =

2𝜋

𝛽
…….. (35) 

 Where 𝑐 = 3 × 108m/s, the speed of light in a vacuum. The fact that EM 

waves travel in free space at the speed of light. 

 By substituting the parameters in equation (33) into equation (23), 𝜃𝜂 = 0 

and 𝜂 = 𝜂0, where 𝜂0 is called the intrinsic impedance of free space and is given 

by 

𝜂0 = √
𝜇0

0
= 120𝜋 ≈ 377Ω ……… (36) 

�⃗� = 𝐸0cos (𝜔𝑡 − 𝛽𝑧)𝑎 𝑥…… (37) 

Then          �⃗⃗� = 𝐻0 cos(𝜔𝑡 − 𝛽𝑧) 𝑎 𝑦 =
𝐸0

𝜂0
cos(𝜔𝑡 − 𝛽𝑧)𝑎 𝑦…….. (38) 

 In general, if 𝑎 𝐸 , 𝑎 𝐻 𝑎𝑛𝑑 𝑎 𝑘 are unit vectors along the �⃗�  field, the �⃗⃗�  field, 

and the direction of wave propagation; it can be shown that  

𝑎 𝑘 × 𝑎 𝐸 = 𝑎 𝐻 

Or  

𝑎 𝑘 × 𝑎 𝐻 = −𝑎 𝐸 

Or      𝑎 𝐸 × 𝑎 𝐻 = 𝑎 𝑘 ……… (39) 

 Both �⃗�  𝑎𝑛𝑑 �⃗⃗�  fields (or EM waves) are everywhere normal to the direction 

of wave propagation, 𝑎 𝑘. That means that the fields lie in a plane that is transverse 

or orthogonal to the direction of wave propagation. They form an EM wave that 

has no electric or magnetic field components along the direction of propagation; 

such a wave is called transverse electromagnetic (TEM) wave. A combination 



of �⃗�  𝑎𝑛𝑑 �⃗⃗�  is called a uniform plane wave because �⃗�  (𝑜𝑟 �⃗⃗� ) has the same 

magnitude throughout any transverse plane, defined by 𝑧 =  𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. The 

direction in which the electric field points is the polarization of a TEM wave. 

 

4.6.4  Plane Waves in Good Conductors 

 Plane waves in good conductors comprise another special case of lossy 

dielectric medium. A perfect, or good conductor, is one in which 𝜎 ≫ 𝜔휀  so that 
𝜎

𝜔
≫ 1; that is  

𝜎 ≈ ∞, 휀 = 휀0, 𝜇 = 𝜇0𝜇𝑟…….. (40) 

 Hence, equations (13) and (14) becomes  

𝛼 = 𝛽 = √
𝜔𝜇𝜎

2
= √𝜋𝑓𝜇𝜎 ….. (41) 

𝑢 =
𝜔

𝛽
= √

2𝜔

𝜇𝜎
,        𝜆 =

2𝜋

𝛽
…….. (42) 

 Also, from equation (22), 

𝜂 = √
𝑗𝜔𝜇

𝜎
= √

𝜔𝜇

𝜎
∠450……. (43) 

 And thus �⃗�  𝑙𝑒𝑎𝑑𝑠 �⃗⃗�  by 450. If  

�⃗� = 𝐸0𝑒
−𝛼𝑧cos (𝜔𝑡 − 𝛽𝑧)𝑎 𝑥……. (44) 

Then                        �⃗⃗� =
𝐸0

√
𝜔𝜇

𝜎

𝑒−𝛼𝑧𝑐𝑜𝑠(𝜔𝑡 − 𝛽𝑧 − 450)𝑎 𝑦…… (45) 

 Therefore, as the �⃗�  (𝑜𝑟 �⃗⃗� ) wave travels in a conducting medium, its 

amplitude is attenuated by the factor 𝑒−𝛼𝑧. The distance 𝛿, through which the 

wave amplitude decreases to a factor 𝑒−1(about 37% of the original value) is 

called skin depth or penetration depth of the medium; that is, 

𝐸0𝑒
−𝛼𝛿 = 𝐸0𝑒

−1 

Or     𝛿 =
1

𝛼
=

1

√𝜋𝑓𝜇𝜎
 ………….. (46) 

 The skin depth is a measure of the depth to which an EM wave can 

penetrate the medium. Noting that for good conductors we have 𝛼 = 𝛽 =
1

𝛿
, 

equation (44) can be written as  

�⃗� = 𝐸0𝑒
−

𝑧
𝛿cos (𝜔𝑡 −

𝑧

𝛿
)𝑎 𝑥 

 From equation (46), it is observed that the skin depth decreases with 

increasing frequency. The phenomenon whereby field intensity in a conductor 

rapidly decreases is known as skin effect. It is a tendency of charges to migrate 

from the bulk of the conducting material to the surface, resulting in higher 

resistance.  



Applications of Skin Depth: 

1. Because the skin depth in silver is very small, the difference in performance 

between a pure silver component and a silver-plated brass component is 

negligible, so silver plating is often used to reduce the material cost of 

waveguide components. For this same reason, hollow tubular conductors 

are used instead of solid conductors in outdoor television antennas. 

2. The skin depth is useful in calculating the ac resistance due to skin effect. 

The dc resistance of a conductor wire of length ‘l’ and radius ‘a’ is given 

as 𝑅𝑑𝑐 =
𝑙

𝜎𝜋𝑎2
 . When ac current flows in a conductor, it flows only on the 

skin of the conductor up-to the 𝛿 width instead of entire cross section. 

Hence 𝑅𝑎𝑐 =
𝑙

𝜎2𝜋𝑎𝛿
.  

So                                  
 𝑅𝑎𝑐

𝑅𝑑𝑐
=

𝑙

𝜎2𝜋𝑎𝛿
𝑙

𝜎𝜋𝑎2

=
𝑎

2𝛿
=

𝑎

2
√𝜋𝑓𝜇𝜎 
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4.6.5 Power and the Poynting Vector 

 As we know, energy can be transported from one point (where a transmitter 

is located) to another point (with a receiver) by means of EM waves. The rate of 

such energy transportation can be obtained from Maxwell’s equations: 

∇ × �⃗� = −𝜇
𝜕�⃗⃗� 

𝜕𝑡
……… (1) 

∇ × �⃗⃗� = 𝜎�⃗� + 휀
𝜕�⃗� 

𝜕𝑡
……… (2) 

 Dotting both sides of equation (2) with �⃗�  gives 



�⃗� . (∇ × �⃗⃗� ) = 𝜎𝐸2 + �⃗� . 휀
𝜕�⃗� 

𝜕𝑡
……… (3) 

 But for any vector fields 𝐴  and �⃗�  

∇. (𝐴 × �⃗� ) = �⃗� . (∇ × 𝐴 ) − 𝐴 . (∇ × �⃗� ) 

 Applying this vector identity to equation (3) (𝑙𝑒𝑡𝑡𝑖𝑛𝑔𝐴 = �⃗⃗�  𝑎𝑛𝑑 �⃗� = �⃗� ) 

gives 

�⃗⃗� . (∇ × �⃗� ) + ∇. (�⃗⃗� × �⃗� ) = �⃗� . (∇ × �⃗⃗� ) =  𝜎𝐸2 + �⃗� . 휀
𝜕�⃗� 

𝜕𝑡
 

= 𝜎𝐸2 +
1

2
. 휀

𝜕𝐸2

𝜕𝑡
 ……. (4) 

 Since 
𝜕𝐸2

𝜕𝑡
=

𝜕

𝜕𝑡
(�⃗� . �⃗� ) = �⃗� .

𝜕�⃗� 

𝜕𝑡
+ �⃗� .

𝜕�⃗� 

𝜕𝑡
= 2�⃗� .

𝜕�⃗� 

𝜕𝑡
 

 Dotting both sides of equation (1) with �⃗⃗� , we write  

�⃗⃗� . (∇ × �⃗� ) = �⃗⃗� . (−𝜇
𝜕�⃗⃗� 

𝜕𝑡
) = −

𝜇

2

𝜕

𝜕𝑡
(�⃗⃗� . �⃗⃗� )………. (5) 

 And thus equation (4) becomes  

−
𝜇

2

𝜕𝐻2

𝜕𝑡
− ∇. (�⃗� × �⃗⃗� ) =  𝜎𝐸2 +

1

2
. 휀

𝜕𝐸2

𝜕𝑡
 

 Rearranging terms and taking the volume integral of both sides, 

∫ ∇. (�⃗� × �⃗⃗� )𝑑𝑣 = −
𝜕

𝜕𝑡
[
1

2
휀𝐸2 +

1

2
𝜇𝐻2] 𝑑𝑣 −

𝑣
∫ 𝜎𝐸2𝑑𝑣
𝑣

……. (6) 

 Applying the divergence theorem to the left hand side gives 

∮ (�⃗� × �⃗⃗� ). 𝑑𝑆 
𝑆

= −
𝜕

𝜕𝑡
[
1

2
휀𝐸2 +

1

2
𝜇𝐻2] 𝑑𝑣 − ∫ 𝜎𝐸2𝑑𝑣

𝑣
 ……. (7) 

  ↓    ↓                             ↓ 

 Total power   rate of decrease in energy       ohmic power 

          leaving the     =           stored in electric          -      dissipated         (8) 

    volume                  and magnetic fields 

 Equation (7) is referred to as Poynting’s theorem. The quantity �⃗� × �⃗⃗�  on 

the left hand side of equation (7) is known as  Poynting vector P   , measured in 

watts per square meter (𝑊/𝑚2); that is   

P   = (�⃗� × �⃗⃗� )………. (9) 

 Poynting’s theorem states that the net power flowing out of a given 

volume v is equal to the time rate of decrease in the energy stored within v minus 

the ohmic losses.  

 It should be noted that P   is normal to both �⃗�  𝑎𝑛𝑑 �⃗⃗�  and is therefore along 

the direction of wave propagation 𝑎 𝐾 for uniform plane waves. Thus  

𝑎 𝐾 = 𝑎 𝐸 × 𝑎 𝐻…….. (10) 

 The fact that P   points along 𝑎 𝐾 causes P   to be regarded as a “pointing” 

vector. 



 If we assume that 

�⃗� (𝑧, 𝑡) = 𝐸0𝑒
−𝛼𝑧 cos(𝜔𝑡 − 𝛽𝑧) 𝑎 𝑥 

 Then  

�⃗⃗� (𝑧, 𝑡) =
𝐸0

|𝜂|
𝑒−𝛼𝑧 cos(𝜔𝑡 − 𝛽𝑧 − 𝜃𝜂) 𝑎 𝑦 

 And  

P   (𝑧, 𝑡) =
𝐸0

2

|𝜂|
𝑒−2𝛼𝑧 cos(𝜔𝑡 − 𝛽𝑧) cos(𝜔𝑡 − 𝛽𝑧 − 𝜃𝜂) 𝑎 𝑧 

=
𝐸0

2

|𝜂|
𝑒−2𝛼𝑧[cos 𝜃𝜂 + cos(2𝜔𝑡 − 2𝛽𝑧 − 𝜃𝜂)]𝑎 𝑧 ………. (11) 

 Since cos𝐴 cos𝐵 =
1

2
[cos(𝐴 − 𝐵) + cos(𝐴 + 𝐵)]. 

 To determine the time average Poynting vector P ave  (𝑧, 𝑡) in (𝑊/𝑚2), 

which is obtained by integrating equation (11) over the period 𝑇 = 2𝜋/𝜔; that is,  

P ave  (𝑧, 𝑡) =
1

𝑇
∫  

𝑇

0
 P   (𝑧, 𝑡) 𝑑𝑡…….. (12) 

 By substituting eq. (11) into eq. (12), we obtain 

P ave  (𝑧) =  
𝐸0

2

2|𝜂|
𝑒−2𝛼𝑧 cos 𝜃𝜂 𝑎 𝑧…… (13) 

The total time-average power crossing a given surface S is given by 

𝑃𝑎𝑣𝑒 = ∮  
𝑠

 P ave  . dS 

Example 10 

 

 



 
 


